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1 Introduction

The benefits of an activity often depend on the participation rate. Examples include
investing in a project, joining a platform, adopting a protocol, buying an electric
vehicle, rebelling against a regime, and leaving one’s funds in a bank. In such a setting,
there can be multiple equilibria. To predict the participation rate, one thus needs a
theory of equilibrium selection. The usual approach is to rely on a single such theory.
A more robust method would be to work with multiple theories simultaneously. We
provide a unified framework for doing so.

We study five iconic equilibrium selection theories from the literature.! We show
that under a weak single crossing property, each theory predicts that agents will
play a best response to some distribution of the other-agent participation rate: the
proportion of others who participate. This distribution is common across agents and
payoff functions (but not across theories) and has a symmetry property: it assigns
equal weight to rates that are equidistant from one half.

We refer to this distribution as the agents’ fictional beliefs as it need not coincide
with their actual beliefs. Indeed, in two of the selection theories, agents may have no
beliefs at all.> Analogously, Savage [32] shows that an agent with certain preferences
must act as if she is maximizing the expectation of some utility function with respect
to some fixed beliefs over states. However, Dillenberger, Postlewaite, and Rozen
[13] show that there also exist representations in which the agent lacks such beliefs.?
As in our setting, the beliefs are merely a convenient way to represent a behavioral
prediction.

In order to unify the five theories, we strengthen each of them by replacing their

!These are the theories of Carlsson and van Damme [10], Foster and Young [16], Fudenberg and
Harris [20], Kandori, Mailath, and Rob [23], and Matsui and Matsuyama [27].

2In Foster and Young [16] and Fudenberg and Harris [20], the growth rate of the population
playing a given action is proportional to that action’s utility. This replicator dynamic was originally
devised to model the evolution of genes and other biological automata (Schuster and Sigmund [33]).

31 thank Itzhak Gilboa for pointing out this example.



various payoff assumptions with a mild single crossing property that Athey [2] calls
“weak SC17. It states that if the payoff from participating is positive for one other-
agent participation rate, then it is not negative for any higher rate.* In contrast, four
of the five theories have assumed the stronger property of strategic complementarities:
that the payoff from participating is increasing in the other-agent participation rate.
We discuss three common mechanisms that violate strategic complementarities while
satisfying weak SC1.?

It has been known for some time that in the two-agent case, each of the five theories
selects the risk-dominant action: an agent plays a best response to the belief that her
opponent will mix 50-50 over her two actions. Our results unify these findings. How?
With two players, each has only one opponent so the other-agent participation rate
is either zero or one. As these rates are equidistant from one half, any symmetric
fictional beliefs must assign weight of 50% to each of them. The best response to such
beliefs is the risk-dominant action.

As noted, we extend the five selection theories by assuming only weak SC1. For
the theories of Foster and Young [16], Kandori, Mailath and Rob [23], and Matsui
and Matsuyama [27], the case of n > 2 players was previously studied by Kim [25]
under the assumption of strict strategic complementarities, which we relax to weak
SC1. The theory of Fudenberg and Harris [20] has been studied only in the case of
n = 2 players under strict strategic complementarities; we extend it to n > 2 players
under weak SC1. Finally, we mildly generalize the global games theory of Carlsson
and van Damme [10].°

Why do the five theories give rise to selection criteria of the given form? In a

companion paper, Frankel [18] shows that a selection criterion predicts that agents

4SC1 stands for “single crossing in a single variable” (Athey [2]). Athey [3] proves several results
using this property and applies them to portfolio and firm investment problems, signaling games,
and consumption-savings problems.

5See section 4.4.

6In addition to these contributions for discrete agents, we also study the infinitesimal case. See
section 4.1.



play a best response to some fictional beliefs over the other-agent participation rate
if and only the criterion is monotonic, scale-invariant, continuous, predictive, and
satisfies an independence axiom. Further, the fictional beliefs are symmetric if and
only if the criterion is label-invariant: if swapping action labels leads to swapped
predictions.”

In many applied settings, a principal wishes to find an optimal scheme to induce
a set of agents to participate in a joint activity. In our online appendix, we show how
to solve this principal-agents problem for any selection criterion of the above form.
DeMarzo and Frankel [11] use these methods to study optimal security design and
optimal TPO mechanisms.

The rest of this paper is as follows. The model is presented in section 2. We
describe and solve the five theories in section 3. Section 4 discusses the results and

section 5 concludes. A notation guide, the principal-agents analysis, and omitted

proofs appear in the online appendix (Frankel [17]).

2 The Model

The game is played by a set I of ex-ante identical agents. The agents may be either
discrete (I = {1,...,n} for some integer n > 1) or infinitesimal (I = [0, v] for some
real number v > 0).8

An agent chooses an action a € {0,1}, where action 1 (resp., 0) is interpreted

as (not) participating in a given activity. From the perspective of a given agent, let

"Label invariance implies, e.g., that if a criterion selects “all participate” and then we rename
“participate” to “not participate” and vice-versa, the criterion must now select “none participate”.
This property is violated by the partial implementation criterion, which selects “all participate” as
long as it is a Nash equilibrium (Bergemann and Morris [6, p. 1773]; Frankel [18]).

8We must remain vague for now about the context in which the game is played, as well as
the agents’ information sets and degrees of rationality. For instance, in evolutionary games, the
game is repeatedly played by random sets I of symmetrically informed but boundedly rational (or
nonrational) agents who are drawn from a larger population. In global games, the game is played
once with a fixed set I of imperfectly informed but fully rational agents.



¢ € [0,1] denote the other-agent participation rate: the proportion of other agents

who participate. In the discrete case, if ¢ out of n — 1 others participate, this rate is
1

l; = 1

on—1 (1)

and the set of feasible such rates is A = {¢; : i =0,...,n — 1}. In the infinitesimal
case, if a measure L € [0, v] of agents participate, the rate is £ = L /v and the set of
feasible such rates is [0,1]. We let A denote the set of feasible such rates when the
agent size is unspecified.’

An agent’s utility is given by a function u (a, ¢): she cares about the proportion ¢
of others who participate but not their identities. An important role will be played
by an agent’s net payoff 7" (¢) = u (1,¢) — u (0, £) from participating, which we will

refer to as the payoff function and sometimes write simply as 7 (¢).

2.1 Single Crossing Properties

We now define three progressively stronger single crossing properties. The weakest

such property is as follows.!?

Definition 1. (Athey [2]) A real-valued function 7 on a set A C R satisfies weak
single crossing in a single variable (“weak SC17) on A if for all £y > ¢;, both in A,

7 () > 0 implies 7 (¢5) > 0.

That is, if 7 is positive at a point £, then it is not negative at any higher point £g.
This property suffices for our results when agents are discrete.

In the case of infinitesimal agents, we will usually require a stronger property:

Definition 2. (Athey [2]) A real-valued function 7 on a set A C R satisfies single
crossing in a single variable (“SC17) on A if for all £z > £;, both in A, 7 ({) >0

implies 7 (¢g) > 0 and 7 (1) > 0 implies 7w ({g) > 0.

9That is, A equals ) if agents are discrete and [0, 1] if they are infinitesimal.

10Tn these definitions, 7 denotes a general real-valued function and A C R its domain.



That is, if 7 is nonnegative (positive) at a point ¢, then it is also nonnegative (resp.,
positive) at any higher point /y. Finally, some results from the literature rely on an

even stronger property:

Definition 3. (Athey [2]) A real-valued function 7w on a set A C R satisfies strict
single crossing in a single variable (“strict SC1”) on A if for all /5 > ¢1, both in A,

7 (¢r) > 0 implies 7 ({x) > 0.
That is, if 7 is nonnegative at a point £y, then it is positive at any higher point /.

z(() z(0) z(0)

Weak SC1 SC1 Strict SC1

r=0 (=1 (=0 =1 (=0 r=1

Figure 1: Sample functions 7 that satisfy the three types of single crossing properties.

The three properties are illustrated in Figure 1. In the left panel, weak SC1 holds:
negative values do not follow positive ones. However, SC1 fails since (a) negative
values follow zeroes and (b) zeroes follow positive values. In the middle panel, SC1
holds but strict SC1 fails as zeroes follow zeroes. (Under strict SC1, only positive
values can follow a zero.) In the third panel, strict SC1 holds.!!

Existing selection results in participation games typically assume strict strategic
complementarities: that the payoff function 7 is increasing. This property is stronger
even than strict SC1. Section 4.4 discusses several applications that are made possible

by our weaker payoff assumption.

1 As the names suggest, strict SC1 implies SC1 which, in turn, implies weak SC1. Furthermore,
while the curves in Figure 1 are continuous, none of the three properties requires continuity.



2.2 Selection Criteria and Theories

In our setting, a selection criterion is a method for predicting which Nash equilibrium
will be played on the basis of the utility function alone. The five theories that we
study select only equilibria in which all agents choose the same pure action. Hence

we define a selection criterion as follows.

Definition 4. A selection criterion © on a subset Uy of the set

for all £;, < ¢y both in A,
Uwsci = u € {O, 1} X A (2)
either 7 (¢1) <0 or 7 ({g) > 0
of utility functions that satisfy weak SC1 is a partition of Uy into three sets O, © s,

and ©1, such that

if u is in ©; (resp., Op), then 7 (1) > 0 (resp., 7 (0) < 0). (3)

We interpret ©; as the set of utility functions u in Uy for which the criterion ©
predicts that all agents will participate, ©q as the set for which it predicts that none
will participate, and O, as the set for which no prediction is made.’ Equation (3)
states that a selection criterion is a refinement of Nash equilibrium: if » is in ©;
(resp., Op) then it is a Nash equilibrium for all agents (not) to participate.

The literature has offered various rationales for selection criteria. These include
noncooperative models, heuristic arguments, axiomatizations, and lab experiments.
We refer to any such rationale as a selection theory. Finally, we will often omit the

word “selection” and simply say “criterion” or “theory”.

2.3 The Five Theories

We study the following five iconic selection theories from the literature.

1. Rational-agent theories:

12Tn practice, this may be because play cycles, depends on initial conditions, or is indeterminate.



(a)

Matsui-Matsuyama (“MM”): a dynamic, deterministic, continuous time
model with frictions. Each agent gets chances to switch actions according
to a Poisson process. For a given action to be selected, (a) from any initial
action distribution there must exist an equilibrium in which all agents
eventually play the given action and (b) if enough agents initially play the
given action, all others must eventually switch to that action. The original

version of this theory appears in Matsui and Matsuyama [27].

Global Games (“GG”): a static model in which payoffs depend on a com-
mon unobserved state. Each agent sees a slightly noisy signal of the state.
A higher signal raises the net payoff from participating and there are dom-
inance regions: for sufficiently high (low) signals, it is strictly dominant
(not) to participate. This information structure gives rise to a contagion
effect that leads to a unique equilibrium, in which the agents (do not) par-
ticipate for signals above (below) a common threshold. Original version:

Carlsson and van Damme [10].

2. Evolutionary theories:

(a)

Kandori-Mailath-Rob (“KMR”): a dynamic, discrete time evolutionary
model. Each agent plays a best response to the prior period’s participation
rate most of the time but occasionally trembles: mixes 50-50 between the
two actions. For an action to be selected, it must be played nearly all the

time in the long run as the trembles vanish. Original version: Kandori,

Mailath, and Rob [23].

Foster-Young (“FY”): a dynamic, continuous time evolutionary model.
Each agent is locked in to an action at birth. The net birth rate of the
population L* playing action a = 0,1 equals the instantaneous utility
u (a,?) from this action. Moreover, the aggregate participation rate z =

#}1 is buffeted by Brownian shocks. For an action to be selected, it must



be played nearly all the time in the long run as the shocks vanish. Original

version: Foster and Young [16].

(¢) Fudenberg-Harris (“FH”): a dynamic, continuous time evolutionary model.
Net birth rates are as in F'Y. However, aggregate shocks are added not to
the participation rate z but rather to the masses L° and L' playing the
two actions. Moreover, each agent trembles as in KMR. For an action to
be selected, it must be played nearly all the time in the long run as the

shocks and trembles vanish. Original version: Fudenberg and Harris [20].

We generalize these theories to permit any number of discrete or infinitesimal agents

and to rely only on a single crossing property. Full details are given in the appendix.

3 Results

For discrete agents, our results involve a probability vector W = (Wi)?:_ol where W;
is the fictional probability that exactly ¢ € {0,...,n — 1} opponents will participate.
For infinitesimal agents, we instead use a distribution I" on [0, 1] where I" (¢) is the
fictional probability that the other-agent participation rate is at most . We first

define symmetry for each.

Definition 5. A probability vector W = (I/VZ-):.L:_O1 is symmetric if W; = W,,_,_; for

all 7. A distribution I' on [0, 1] is symmetric if dI" (¢) = dI" (1 — ) for all ¢ € [0, 1].
We next show how the two distributions are related.

Claim 1. 1. A wvector W = (Wfi)?:_ol of probability weights on the number i €

{0,...,n — 1} of others who participate is equivalent to the distribution

') = Z Wi. (4)
1€{0,...,n—1}:4;,<¢

—= € [0,1]. 2. W is symmetric if and only

of the other-agent participation rate { =

of T is symmetric.



Proof. Part 1 is immediate from (1). As for part 2, by (1), ¢,—1—; = 1 — ¢;. Thus,
for all ¢ € [0, 1], either £ and 1 — ¢ are both in A or neither is. If £ ¢ X then dI' (¢)
and dI' (1 — ¢) are both zero by (4). And if £ € A then ¢ = ¢; for some i and thus
dl (¢;) = Wi and dT' (1 — ¢;) = dl ({,—1—;) = Wy,_1_; by (4). O

We begin with the case of discrete agents. Assuming only weak SC1, the five
theories yield criteria of a simple common form: the agents play a best response to
some fixed probability distribution over the number ¢ of other participants. Recall

that Uysci, defined in (2), is the set of utility functions that satisfy weak SCI.

Theorem 2. With discrete agents, each theory T € {MM,GG,KMR,FY,FH} yields
a selection criterion ©7 = {@6, @I/Q, @{} on Uyscr of the form

o5 - <
uey 07, if and only if Z Wir* () = 0 (5)
i=0
o7 >

for the following probability vectors W™ = (W[)?:_Ol, which are symmetric.

MM __ GG _ 1
o WMM=W0¢=1

W (1) (1)

)

FY _ 6(i+1)(n—1)
Wi = (n+1)(n+2) "

3

o 1/2 ifie {O,n—l};‘

(2

0 else.

Proof. See Claims 8, 10, 11, 13, and 16 in the appendix. m

Theorem 2 assumes only weak SC1. However, the discrete theories all involve some
sort of random matching. This lets us pass from weak SC1 to a stronger single crossing

property by a result of Athey [3]. Details appear in section 6.2 in the appendix.

10



Kim [25] studies four of our five theories with discrete agents under the stronger

13 He shows that each theory 7

assumption of strict strategic complementarities.
selects “none (all) participate” if, when the number of other participants has the
initial distribution W7, a participant gains (loses) from switching to “not participate”
if the other n—1 agents all swap actions as well. One can show, using the symmetry of
WT, that Kim’s condition is equivalent to ours.!* However, our condition is preferable
since only one agent changes her action and our version has an axiomatic basis not
only in the symmetric case, but also when fictional beliefs are unrestricted (Frankel
[18]).
For each theory 7, we can apply Claim 1 to the probability vector W7 to obtain
an equivalent symmetric distribution
o= > W (6)
i€{0,...,n—1}:4;<0

over the other-agent participation rate ¢. With this definition, (5) is equivalent to

O X <
wel o7, ¢ it and only if /ku a0l = Yo (7)
o7 >

130ur contribution relative to Kim [25] is to weaken his assumption to weak SC1; to include a fifth
theory, that of Fudenberg and Harris [20] (which previously had been solved only in the case of two
players); to consider also the case of infinitesimal players; and to rigorously solve the principal-agents
problem (section 9 in online appendix). In separate work, Frankel [18] axiomatizes our results for
the discrete-player case.

YMKim defines 7 as a player’s utility from playing a = 0,1 if the total number playing a (includ-

ing her) is k € {1,...,n} (Kim [25, pp. 205-6]). Thus, Kim’s 7} equals our u (1, %) and his 7

Z:’f) Kim shows, further, that in each theory 7, the agents (do not) participate if

Sy Wiy [mp — 7] is positive (resp., negative) (Kim [25, pp. 215-6]) . While this looks superfi-
cially like our condition (5), it is not the same because of how Kim defines 7. In particular, letting
i = k—1 and using (1), we can write Kim’s sum as Z?:_Ol W7 [u(1,4;) —u(0,1—2¢;)]. That is,
Kim’s criterion selects “none participate” if a participant gains from all n agents swapping actions
simultaneously when the initial probability that ¢ = 0,...,n — 1 others will participate is W. It
selects "all participate" if she loses from this swap. To convert Kim’s sum to our sum in (5), first
use symmetry of the weights to rewrite 7 W7u (0,1 —£;) as S0 W7, _u(0,1—¢;). Then
use (1) to substitute £,_1_; for 1 — ¢;, reindex the result using i’ = n — 1 — 4, and finally rename i’
to 4 to obtain 31 W7u (0,£;).

K2

equals our u (0,

11



We refer to I'] as the fictional beliefs corresponding to the theory 7. In general, I']
does not coincide with the actual distribution of other-agent participation rates or
with the agents’ actual beliefs (if any) over this distribution.'® Rather, it measures
the relative importance of different segments of the payoff function 7* in determining
which equilibrium the agents will select.

An immediate consequence of the above results is that the five theories must

reduce to risk dominance in two-player games:

Claim 3. If T is symmetric and there are two agents (n = 2), then dI" (0) = dI' (1) =

1/2: under (7), each agent plays a best response to a 50-50 mizture of the two actions.

Proof. Since there are two agents, ¢ € {0,1}. Hence, dI" (0) and dI' (1) sum to one.

But by symmetry they are equal, so each is 1/2. O

We turn now to the case of infinitesimal agents. We define the following progres-

sively smaller sets of utility functions.
o UGG equals the full set Ugger.

o UMM comprises those utility functions w in Uyscr whose payoff functions ¢

satisfy SC1 on (0, 1) and are continuous on [0, 1].
o U"Yand U™ are equal and comprise those utility functions u in UMM whose
payoff functions 7" are Lipschitz-continuous on [0, 1].

The result is as follows; the KMR theory is excluded as it relies on discrete agents.1¢:17

15For generic payoffs 7, exactly one of the strict inequalities in (7) will hold and thus ¢ will equal
zero or one for sure. Since a point mass on zero or one is not symmetric around one half, the fictional
beliefs are generically incorrect.

16In the infinitesimal case, the i.i.d. trembles in KMR reduce to a deterministic flow from one
action to the other. In the limit as this flow vanishes, play must converge to either strict equilibrium
in whose basin of attraction it begins. Since the long-run outcome depends not only on the utility
function but also on the initial action distribution, the theory does not yield a selection criterion.

"For parsimony, we use a single symbol ©7 to denote the criterion implied by theory 7 in the
infinitesimal and discrete cases. Mathematically, these are partitions of two different sets of utility
functions.

12



Theorem 4. With infinitesimal agents, each theory T € {MM,GG,FY,FH} yields a
selection criterion O = {@8, ©7 /o, @{} on the set UT (defined above) of the form:

OX8 ) <
uey 07, if and only if T (0)dl', ()¢ = 20 (8)
=0
o7 >

T
[oops

for the following distributions I'’_, which are symmetric:

o TMM(0) and TSC (£) equal ¢ (uniform distribution,).
o I'IY(0) equals 302 — 203,

o I'IH(0) equals 1/2 for ¢ € [0,1) and one for { = 1.

Proof. See Claims 9, 10, 14, and 16. O

Finally, there is continuity in the limit as the number of agents goes to infinity:

Claim 5. The fictional beliefs TEH and TEH are identical for all n > 2. For each
theory T € {MM,GG,FY}, the fictional beliefs T for n discrete agents converge to
the fictional beliefs T for infinitesimal agents as n grows: lim, ., I'T (¢) =TT ({).
For the KMR theory, the fictional beliefs converge to a point mass at one half:

lim,, oo TEME (0) equals one if € > 1/2 and zero if £ < 1/2.

Proof. For MM, GG, and FH, the result is self-evident. For KMR and FY, the result
is shown by Claims 12 and 15, respectively, in the appendix. O

The fictional beliefs I'] for the five theories appear in Figure 2 for n = 500 agents.
GG and MM beliefs appear as the diagonal blue line, which puts uniform weight on
every other-agent participation rate. The green curve depicts KMR beliefs, which by
Claim 5 converge to a point mass at ¢ = 1/2 as the number of agents grows. FY
beliefs are the dotted red line; while single peaked, they are more dispersed than
KMR beliefs and do not converge to a point mass as n grows. Finally, the dashed
orange curve depicts FH beliefs, which put equal weight on other-agent participation

rates of zero and one and no weight on any intermediate rate.

13
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Figure 2: Fictional beliefs I'] for n = 500 agents.

4 Discussion

We now discuss the above results. Section 4.1 explains how they advance what is
known about each of the five theories. Section 4.2 discusses how a researcher should
choose fictional beliefs in applied situations. Section 4.3 gives an intuition for each
theory’s selection result and explains the role of single crossing. Section 4.4 studies
three applications that violate strategic complementarities but satisfy a single crossing

property and thus are amenable to our tools.

4.1 Contributions to Each Theory

In addition to unifying the five theories, the above results also expand what is known
about each. The most significant extension is to FH, for which it was known only that

the theory, like the other four, selects the risk-dominant equilibrium in two-player

14



games. The result that FH generalizes differently to n > 2 agents is thus novel.
Further, we derive this result under only weak SC1 and also consider infinitesimal
agents.

For the KMR, FY, and MM theories, our immediate precursor is Kim [25] who
studies these theories with n > 2 discrete agents under strict strategic complemen-
tarities. We relax Kim’s payoff assumption to weak SC1 and, for the FY and MM
theories, also study infinitesimal agents.

Finally, we marginally advance the GG theory. Kim [25] studies the GG the-
ory with n discrete agents under strict strategic complementarities. Goldstein and
Pauzner [21] prove that there is a unique Nash equilibrium under strict SC1 if signal
errors are uniformly distributed. Morris and Shin [28, Lem. 2.3] show that there is
a unique threshold equilibrium for general signal errors under strict SC1. Szkup [35]
obtains a unique threshold equilibrium for uniform signal errors and a specific payoff
function that satisfies only weak SC1. We generalize Szkup’s result to general signal
errors and payoff functions under weak SC1. A further weakening of the payoff as-
sumption is unlikely: Karp, Lee, and Mason [24] show by example that without weak

SC1, a threshold equilibrium may not exist.

4.2 Choosing Fictional Beliefs

Suppose a researcher wishes to use our results to select an equilibrium in an applied
theoretical setting. How should she choose the agents’ fictional beliefs?

First, in settings with sophisticated agents (firms, institutional investors, politi-
cians, governments), the two rational-agent theories GG and MM are a good fit. These
theories both imply the same, uniform fictional beliefs. Hence, sharp predictions are
possible.

In settings with less sophisticated agents, more flexibility is needed. The fictional
beliefs in the evolutionary models KMR, FY, and FH have little in common other than

symmetry. Thus, the researcher should look for results that hold for any symmetric

15



fictional beliefs. For instance, DeMarzo and Frankel [11] show that debt is the optimal
monotone security for any fictional beliefs. Another example is studied below in

section 4.4.1.

4.3 Intuitions

We now explain why each theory gives rise to a criterion of the given form, for the
given fictional beliefs, and the role of single crossing in this result. The intuitions
rely on SC1 or strict SC1 rather than weak SC1. This is without loss of generality: a
result of Athey [3] lets us pass from weak SC1 to the stronger properties.'®

4.3.1 The MM Theory

In the MM theory, agents are fully rational and there are frictions: each agent gets
chances to switch actions according to a Poisson process with arrival rate p > 0. “All
participate” is selected if (a) for every initial population participation rate zy € [0, 1],
there is an equilibrium in which z; converges to one and (b) for z; close enough to
one, all equilibria have this property. To avoid complications, we assume infinitesimal
agents and explain only why lezoﬂ' (z)dz > 0 implies condition (a) under a single
crossing property.

For (a) to hold, it suffices that for any initial participation rate zg, an agent with
a switching opportunity at time 0 is willing to choose "participate" if she expects all
others to do so whenever they get the chance. Under this expectation, the growth
rate z; > 0 falls in ¢, so z lingers longer at later - and thus higher - values of z. This
leads the agent to put more weight on 7 (z) at higher values of z. But the agent’s
likelihood of still being locked in to her time-0 choice at any future time ¢ also falls
in t. This leads her to put less weight on 7 (z) at higher values of z.

It turns out that these two effects exactly offset one another: the agent puts equal

18Gee section 6.2 of our appendix.
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weight on her payoff 7 (2) at every value of z from z, to one.!? Thus, she is willing

to switch to “participate” if and only if the equal-weighted average [ " or (2)dz of

z=2z0
all future participation rates is nonnegative. Moreover, by single crossing of 7, if this
integral is nonnegative at a given zq then it is nonnegative at any higher z.2° Hence,
for the integral to be positive for all zg, it suffices that it be positive at zg = 0: a

sufficient condition for (a) is that lezo 7 (2) dz be positive.

4.3.2 The GG Theory

The GG theory is a static model in which, in the discrete case, each fully rational
agent j = 1,...,n sees a signal z; = 6 4 ¢; of a fundamental ¢ that is uniform on the
whole real line where ¢; is idiosyncratic noise. We assume that an agent’s net payoft
function 7 (¢, z) is increasing in her signal z and restrict to threshold equilibria, in
which an agent j (does not) participate if her signal z; exceeds (is less than) some
threshold k*.

An agent j with signal x; equal to the threshold k* must thus be indifferent.
Suppose moreover that her signal is the ith highest signal among all the agents. We
refer to the number ¢ € {1,...,n} as j’s signal rank. Since i—1 other agents have signals
above z; = k*, the other-agent participation rate is ¢;_;. Thus, agent j’s expected

net payoff from participating is Y, 7 (¢;_1, k*) p; where p; is the probability that

19The reason is as follows. The proportion of agents who have not had a switching opportunity
before time ¢ is e~ P!. Hence, the population participation rate z; at time ¢ equals 1 — (1 — 2zg) e~ P*.
Now fix any z € (0,1) and let v > 0 be the time at which z, exactly equals z. The weight that
an agent who chooses actions at time 0 places on her net payoff 7 (z;) when z; will be in a small
¢ neighborhood of z is proportional to P,T; where P, is the probability e P" that she will still
be locked in to her choice and T is the amount of time that z; will spend in the neighborhood.
The time T¢ equals /%, which, by the above formula for z, equals € [(1 — zo) p] ' €? whence the
product P,T, is independent of v. Intuitively, the amount of time T, that z; spends near z, grows
exponentially in v and this exactly offsets the agent’s exponential declining chance P, of still being
locked in to her choice. Thus, in choosing her action, the agent puts equal weight on her payoff 7 (2)
at each participation rate z € [zg,1]. (This argument assumes a zero rate of time preference; the
proof takes the limit as this rate goes to zero.)

20By SC1, there are constants ¢y < c¢; in R such that 7 (2) is negative, zero, and positive, for
z < ¢g, 2 € [co,c1], and z > ¢; respectively. Thus, the integral is increasing in zgp < c¢p and
nonnegative for all zg > ¢g, from which the result follows.
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her signal rank is 4.2t

We claim that each signal rank is equally likely: each p; equals 1/n. Thus, the
fictional beliefs in the GG theory must be the uniform distribution. The claim is
obviously true before agent j sees her signal, but it is true afterwards as well.??
Intuitively, learning her signal tells agent j nothing about (a) her own signal error
or (b) the signal error of any other agent j’, and thus it tells her nothing about
the difference x5 — x; = £ — ¢; in the two signals. Part (b) is immediate: €; is
independent of 6 and of ¢;, so it is independent of § + ¢; = z;. Part (a) results from
the uniform prior assumption. To see why, consider instead a single-peaked prior with
mean g and signal errors that are symmetric around zero. Initially, agent j’s best
guess of her signal error €; is zero. Now say her signal z; exceeds the mean . Since
she puts some weight on her prior, she must now believe that ¢ lies between z; and p.
So she thinks that her signal error €; = z; — 0 is positive: she has learned something
about it. This effect disappears with a uniform prior. With no prior views that 6 was
higher or lower than x;, her best guess of 6 is just her signal z; itself. Thus, her best
guess of her signal error x; — ¢ is still zero: her signal has taught her nothing about
her signal error.

The role of single crossing is to ensure that there exists a unique threshold equilib-
rium.? Intuitively, m (¢, ) is assumed continuous in 2 and thus Y0 7 (¢;, ) is zero
at a unique z = k*. Hence, if k* is a threshold equilibrium, it is the only one. Now
consider an agent who believes that all others will play according to the threshold
kE*. Suppose the agent’s signal rises from k* to any higher level. This rise has two
effects on her incentives. First, it makes her more confident that her opponents will

get signals above £* and thus participate. By the single crossing property and since

21E.g., if j’s signal rank is ¢ = 1, all others get signals below k*: the other-agent participation rate
is zero which equals ¢;_; = £y by (1). If j’s signal rank is ¢ = n, all others get signals above k*: the
other-agent participation rate is one which equals ¢;_1 = £,,_1.

22This intuition is due to Kim [25], who wrote “the probability that a certain number of opponents
receive signals larger than my signal is independent of the exact location of my signal” [25, p. 217].

23This argument follows Morris and Shin [28, pp. 109-110].
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she is initially indifferent, this effect must leave her at least willing to participate.?*
Second, it raises her payoff 7 (x, ¢) for any fixed ¢ as 7 is increasing in x. This makes
her strictly prefer to participate. By an analogous argument, an agent strictly prefers
not to participate if her signal drops below k*. We conclude that k* is a threshold

equilibrium as claimed.

4.3.3 The KMR Theory

In the KMR theory, a large finite population of size N > n is matched in groups
of n > 2 in each period ¢t = 0,1, ... to play the participation game. Each agent in
period ¢ chooses a myopic best response to the population participation rate z;_; in
the prior period. However, she may not play her choice: with small probability ¢ > 0
she trembles, randomizing 50-50 over the two actions.

Let v (z) = E[r (¢)|z] denote the expected payoff from participating when one’s
n — 1 opponents are drawn independently from a population with participation rate
z. We show in section 6.2 of our appendix that if 7 satisfies weak SC1, then =
satisfies strict SC1.2° Hence, assuming both all- and none-participate are strict Nash
equilibria, an agent’s myopic best response in period ¢ is to participate if z;_; exceeds
some threshold ¢ € (0,1) and not to participate if z;_; is less than c¢. If agents did
not tremble, each agent would (not) participate from period 1 onwards if the initial
participation rate zy were in the basin of attraction (¢, 1) of “participate” (resp, the
basin of attraction (0, c) of “not participate”): there would be no selection result.

Yet transitions between the two endpoints will sometimes occur if the tremble
probability € is positive. For instance, even if no agents participated in the prior
period, there is a small but positive chance that enough agents will simultaneously
tremble in the current period to push the participation rate into the basin of attraction

(¢,1) of z = 1. The best response in the next period will then be for all agents to

24This relies on a result of Athey [3].

25 More precisely, if 7 satisfies weak SC1 on A, then « satisfies strict SC1 on (0, 1).
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participate.

As the trembles vanish, the larger basin of attraction becomes infinitely harder to
exit than the smaller basin. This is because (a) more trembles are needed to leave
it and (b) the chance of ¢ simultaneous trembles is proportional to &%, so the ratio of
probabilities of j vs. i trembles is proportional €/~ which goes to zero if j > i. Thus,
the state z spends nearly all of its time at the endpoint with the larger basin, which

by strict SC1 is “all (none) participate” if v (1/2) > (<) 0. One can show further that

n—1

7 (1/2) =Y WM (). (9)

i=0
Intuitively, if n — 1 agents are chosen at random from an infinite population that is
evenly split between the two actions (z = 1/2) then the probability that exactly i of
them participate is just the binomial coefficient WXMR defined in Theorem 2. Hence,
“participate” has a larger basin of attraction if an agent would choose it under the
belief that, for each 4, the probability is WXMR that exactly i of her n — 1 opponents

participate: if (9) is positive. This completes the intuition.

4.3.4 The FY and FH Theories

To explain FY and FH, we focus on the infinitesimal case (Theorem 4). Agents are
nonrational and interact continually over time ¢ € ;. In the model without shocks,
the measure L® of agents playing action a grows at the rate u (a, z) (the flow utility
from action a) where z = #ID is the population participation rate. A bit of algebra
then implies that z evolves deterministically according to dz = a/(z) dt where the drift
a(z) equals z (1 — z) 7 (z). Since this is proportional to 7 (z), the state z converges
monotonically to the endpoint in whose basin of attraction it begins: there is no
selection.

To eliminate this effect of initial conditions, the two theories then add shocks
B (2) dw to dz where w is a Brownian motion and the diffusion term 5, (z) depends

on the theory 7 € {FY,FH}. The shocks create a nonzero probability of a transition
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from one endpoint to the other. As a result the long-run state distribution no longer
depends on the initial state.? Moreover, as the shocks shrink, the participation rate
spends nearly all of its time in a small neighborhood of zero or one. This yields a
selection result.

As in KMR, the endpoint that is selected is the one that is easier to reach from the
other endpoint. But unlike in KMR, to transition from one endpoint to the other the
state z must pass continuously through every value in (0,1). Thus, the probability
of a successful transition from zero to one (resp., one to zero) is rising (falling) in the
drift at every state z in (0,1). Moreover, the larger is the diffusion term S, (z) at a
state z, the less the drift matters at that state.?” In particular, the drift’s contribution
to the transition probability is proportional to the ratio a/(z) /32 (2) of the drift to
the squared diffusion term.

In FY, the diffusion term Sy (2) is a constant so the drift at each state has equal
weight. Thus, the probability of a transition from zero to one is proportional to the
mean of the drift z (1 — 2) 7 (2) over all states z. This is why the fictional beliefs T'XY
put weight z (1 — z) on each other-agent participation rate z.

In FH, in contrast, as z approaches either endpoint, the diffusion term Fpy (2)
goes to zero at the same rate. This leads to the weights on the drift a () at zero and
one to grow without bound, while remaining equal to one another. As a result, the
agents play a best response to the mean of the payoffs at the two endpoints.?

The role of single crossing is to rule out interior equilibria. By SCI1, there is no
point ¢ in (0, 1) such that the drift « (2) is negative for z slightly above ¢ and positive

for z slightly below c¢. That is, no interior point ¢ has stable local dynamics. In

26FH also has trembles, which are needed for this result (see section 6.7).

27Similarly, Beggs [5] finds that an equilibrium is more likely to be selected if the shocks are smaller
in its basin of attraction. More generally, Bergin and Lipman [7] and Binmore and Samuelson [§]
show that equilibrium selection depends on the sizes of the shocks at different states.

28Blume [9] studies a discrete-time model in which groups of n > 2 players are randomly matched
to play a two-action coordination game. Relative to our version of KMR, Blume makes stronger
assumptions on payoffs but imposes weaker conditions on noise. He shows that either the FH or
KMR criterion may emerge, depending on the form of the noise (Blume [9, Thms. 3-5]).
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addition, each theory 7 € {FY ,FH} selects an equilibrium only if lezoﬂ' (2)dl'7, is
negative or positive. In the former (latter) case, 7 (z) must also be negative (positive)
for z in a neighborhood of zero (one) by SC1: at least one endpoint does have stable
local dynamics. Thus, the system spends infinitely more time near the endpoints

than near any given interior point in the long run as the shocks shrink.

4.4 Applications

Our results can be used to study two common features of participation games: a
minimum participation rate and rationing. Both violate strategic complementarities

but satisfy a single crossing property.

4.4.1 A Minimum Participation Rate

A minimum participation rate (“MPR”) is a rate below which an activity is canceled.

An example is an all-or-nothing crowdfunding campaign:

“A notable feature of Kickstarter is its ‘all-or-nothing’ approach. The
creator receives the entirety of pledges if the funding goal is met at the end
of the campaign, and receives nothing otherwise. Consequently, backers

are not charged if a funding goal is not met.” (Qiu [31])

MPRs are also seen in best-effort IPOs (DeMarzo and Frankel [11]).

The effect of an MPR is depicted in Panel A of Figure 3. The curve BDEF
depicts the net payoff 7 from participating if the principal does not use an MPR. By
(7), the negative values of 7 at rates below ¢! will tend to deter participation. The
curve ACDF depicts m with an MPR of /°. Since 7 falls at ¢, it violates strategic
complementarities. However, 7 satisfies weak SC1 as positive values are not followed
by negative ones. By (7), therefore, raising the MPR. from zero to £° makes the agents
more likely to participate by indemnifying them against the risk that ¢ will be below

22



(Y. Indeed, research on crowdfunding finds that investor participation is increasing in

the fundraising goal (Suk and Hwang [34, Tables 2 and 8]).

¢ z(l ¢
7(() i () : 7(f) Diamond-
. .|n|rr.1um K Dybvig Bank
Participation Rate Run Model

IPO with Ex-Post
Share Rationing

(=0 (=1 (=0 (=1 (=0 (=1

Figure 3: Three applications.

In fact, a principal should set her MPR not to ¢ but rather to ¢}, thus replacing
all negative values of 7 (¢) with zeroes. Moreover, one can easily see that this cutoff
maximizes the integral in (7) for any fictional beliefs.?® Tt thus provides the best
chance that the agents will choose “all participate” in all five theories. This feature
makes an MPR of ¢! a reasonable choice for a principal regardless of agents’ degree

of sophistication (see section 4.2).

4.4.2 Rationing: Initial Public Offerings

Our next example is the share rationing that occurs when an initial public offering
(IPO) is oversubscribed. DeMarzo and Frankel [11] study a model of IPOs in which a
share is more valuable if more shares are sold. Applying our results, they show that
shares must be underpriced to induce investors to subscribe.

Panel B depicts the effects of share rationing in this setting. When ¢ is below ¢,
each subscriber gets her full request and some shares remain unsold. The payoff 7
from subscribing is rising in this range as a rise in ¢ makes a share more valuable. For

¢ above ¢?, all shares are sold so the value of a share is fixed. But a rise in ¢ lowers

29While the MPR ¢! satisfies strategic complementarities, to prove that it is optimal one must
know how agents would respond to other MPRs such as £° that satisfy only weak SCI.
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each subscriber’s allotment and thus her payoff 7. Because of this declining segment,
7 violates strategic complementarities. However, it satisfies strict SC1 so our results
apply. DeMarzo and Frankel [11] show that rationing can raise the integral in (7),
letting the IPO succeed with less underpricing.

4.4.3 Rationing: Bank Runs

A second example of rationing occurs in the bank run model of Diamond and Dybvig
[12]. In period 0, a unit measure of agents each deposits one unit of wealth in a bank.
The bank invests these deposits in a production technology that converts one unit in
period 0 to either one unit in period 1 or R > 1 units in period 2. An agent chooses
whether to withdraw her funds in period 1 or 2. The bank offers a gross return of
r1 > 1 to those who withdraw in period 1.

In period 1, with probability 1 —n € (0,1) an agent is impatient; her utility is
v (c1) where ¢; is her consumption in period ¢t = 1,2. Impatient agents thus always
run (withdraw in period 1). With probability 1 an agent is patient: she gets pv (c2)
where p is the discount factor. A patient agent who runs can store her funds and
consume them in period 2.

Let ¢ € [0,1] be the proportion of the n patient agents who wait (withdraw in
period 2). The measure of agents who run is thus 1 —n¢. If their aggregate withdrawal
requests (1 — nf) r; do not exceed the bank’s unit of available funds - or equivalently

if ¢ is not less than the constant ¢ = 7=1

- each agent who runs gets r; and the
bank divides its final assets [1 — (1 — nf) r1] R equally among the n¢ patient agents
who wait. If £ is less than ¢3, funds are rationed: the bank pays 7 to a proportion
1/ry of the 1 — n¢ agents who run and zero to those who wait. Normalizing v (0) to

zero, a patient agent’s net payoff from waiting is thus
o (BESnIE) o () i 0> 0
m(0) = " (10)

— if ¢ < (2,
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Panel C of Figure 3 depicts this function. Strategic complementarities fail in the
rationing region ¢ < £3, as a fall in £ raises the relative payoff from waiting by lowering
the chance of being paid in full. Yet strict SC1 holds so (7) can be used to predict

whether a bank run occurs.3?

5 Concluding Remarks

In many applied settings, a set of agents choose whether or not to participate in a
joint activity that is worthwhile only if enough participate. Such games have multiple
equilibria: both all-participate and none-participate are self-fulfilling prophecies. To
make predictions, one thus needs a theory of equilibrium selection.

We study five well-known selection theories from the literature: two based on
rational players and three evolutionary models. We show that they all give rise to
selection criteria with a simple common form: an agent plays a best response to
some distribution of other-agent participation rate. This distribution is common
across agents and payoffs, and assigns equal weight to rates that are equidistant from
one half. Moreover, any criterion of the given form must select the risk-dominant
equilibrium in the two-agent case.

In many settings, a principal devises a scheme to induce a set of agents to partic-
ipate in some activity. In our online appendix, we present an algorithm to solve this
principal-agents game when the agents’ selection criterion has our simple common
form. Using this algorithm, DeMarzo and Frankel [11] show that standard debt is
the optimal monotone security for any selection criteria of the given form. They also
derive several robust properties of optimal equity offerings.

Our results rely only on single crossing properties. In contrast, prior work on

30Goldstein and Pauzner [21] embed the Diamond-Dybvig model in a global games setting with
uniform signal errors and derive a unique equilibrium in which depositors use (7) where 7 is given
by (10) and T is the uniform distribution. While our results for global games restrict to threshold
equilibria, we do not assume uniform signal errors. Moreover, our framework allows the extension
of GP’s findings to settings beyond global games.
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four of the five selection theories has assumed strict strategic complementarities: a

much stronger condition. By predicting the outcomes of a wider set of participation

games, our results let a researcher study more mechanisms that are used in practice

and design better mechanisms for a principal or society.
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6 Appendix

This appendix fully specifies the five theories and states the results that are used to
prove Theorems 2 and 4 and Claim 5. Most proofs of results in this section appear

in our online appendix (Frankel [17]).

6.1 Modeling Strategy

To model KMR and the discrete cases of MM, FY, and FH we follow Kim [25]. In MM,
FY, and FH, random groups of n agents are continually selected from a continuum
[0, 7] to play against one another. The flow utility of an agent who plays a € {0,1} is
u (a, ;) where ¢, € X is the participation rate arising from n — 1 independent draws
from a population with participation rate z;. In KMR, random groups of n agents
are selected in each period ¢t = 0,1, ... out of a large discrete population N of agents.
Each agent chooses an action a; to maximize the expectation of u (ay, ¢;) where ¢, € A
is the participation rate arising from n — 1 independent draws from a population with

participation rate z;_1.
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To obtain the infinitesimal cases of MM, FY, and FH, we assume that an agent’s
flow utility is not u (a, £) but rather the utility u (a, z) from playing against the entire
population. The KMR theory has no infinitesimal case.

To model the GG theory, we follow the existing literature: each agent always plays
against all the other agents. In the discrete case there are n such agents, while in the

infinitesimal case there is a continuum [0, v/].

6.2 Strengthening the Single Crossing Property

For discrete agents, we assume only that the payoff function 7 satisfies weak SCI.
To establish the selection results, we use not 7w per se but rather its conditional

expectation, which satisfies stronger conditions:

Claim 6. If an agent plays the participation game against a random sample of n — 1
opponents, each of whom has an independent probability z € [0,1] of participating,

then her expected payoff from participating conditional on z is

n—1

Y(2)=Er (@)= bli,n—1,2)m () (11)

1=0

where

b(in—1,2) = (” N 1) 21— ) (12)

1

Proof. For each i € {0,...,n — 1}, the chance that a proportion ¢; of others will
participate equals the probability of ¢ successes in n — 1 i.i.d. trials, each with a

chance z of success. This is just the binomial density b (i,n — 1, 2). O]

Using a result in Athey [3], we derive several useful properties of the expected

payoft function ~:
Claim 7. If m satisfies weak SC1 on A, then:

1. 7y is Lipschitz-continuous on [0,1] and satisfies v (z) = w (2) for z € {0,1};

30



2. v satisfies SC1 on (0,1) and weak SC1 on [0, 1].

3. If m is not identically zero, then v satisfies strict SC1 on (0,1).

Expected Payoff y(z) under Random Matching:
A Calculated Example
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Figure 4: Illustration of Claim 7 for the case of n — 1 = 50 opponents. The assumed
payoft function 7 is defined on the discrete set A\ of other-agent participation rates /.
The associated expected payoff function ~, the red curve, is defined on the full set
[0, 1] of population participation rates z.

Figure 4 shows a calculated example. A payoff function 7 (¢) - the collection of
blue dots - has been chosen that satisfies only weak SC1. The resulting expected
payoff function «y - the red curve - is continuous, satisfies strict SC1 on (0,1) and
weak SC1 on [0, 1], and coincides with 7 at the endpoints.

For the KMR, MM, FY, and FH theories in the discrete case, an agent plays
against n — 1 opponents who are drawn independently from a large population with
time-varying participation rate z (section 6.1). Hence, a player cares not about her
primitive payoff function 7 (¢) but rather about her expected payoff function v (z),
which satisfies the stronger properties given in Claim 7. With infinitesimal agents,

each agent plays against the entire population: there is no random matching. Thus,
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we instead assume that 7 has the properties of v that we need, which vary by theory
(Theorem 4).

In the GG model, there also is no random matching: each agent plays against
all others. However, an agent sees not ¢ but rather a signal z that determines a
distribution over ¢: a rise in x raises the distribution of the state # and thus of
the proportion ¢ of opponents whose signals exceed the threshold k*. Using the
aforementioned result in Athey [3], we show that if 7 (¢, z) satisfies weak SC1 in ¢,

then the expected payoff v (z) = E [ (¢, r) |z] satisfies SC1 and continuity in z.3!

6.3 The MM Theory

The MM theory is a generalization of the dynamic model of Matsui and Matsuyama
[27].32  Agents are fully rational and forward-looking. At each time ¢ € R, , each
agent is randomly matched with n — 1 others to play the participation game. Hence,
by Claim 6, an agent’s flow payoff from participating is v (z) where z € [0, 1] is the
population participation rate.

There are frictions: each agent gets chances to switch actions according to an
independent Poisson process with arrival rate p > 0. Let » > 0 be the rate of
time preference. As agents have perfect foresight, the benefit of switching from “not
participate” to “participate” at time ¢, if an agent expects the path (23)520 to be

played, is proportional to

oo

V) =) [ ety () ds (13

s=t

since, for each time s > t, the expected flow payoff from participating is 7y (z,) and

the chance that the agent will not receive another revision opportunity before time s

31 A rise in z affects the expected relative payoff E [r (¢, z) |z] from participating not only because
¢ depends on x, but also because x is an argument of 7. Thus, so that v () satisfies continuity and
SC1, we also assume that « (¢, z) is continuous and increasing in x.

32Matsui and Matsuyama [23] study two-player, two-action games with strict strategic complemen-
tarities. Kim [25] extends their result to n > 2 players under with strict strategic complementarities.
We weaken Kim’s payoff assumption to weak SC1 and also study infinitesimal players.
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is e P(5=1)_ An agent with an action revision opportunity at time ¢ will thus choose
(not to) participate if (13) is positive (resp., negative).
Matsui and Matsuyama [27] define the following concepts.

Definition 6. A state z € [0,1] is accessible from 2’ € [0, 1] if there exists an equi-
librium path from 2’ that reaches or converges to z. The state z is globally accessible

if it is accessible from any 2’ € [0, 1].

Definition 7. A state z € [0, 1] is absorbing if there is a neighborhood of z such
that any equilibrium path originating in this neighborhood must converge to z. It is

fragile if it is not absorbing.
Our result for discrete agents is as follows.

Claim 8. Let 7w : A = R satisfy weak SC1. In the above version of MM with discrete
agents, if felzoﬂ (€) dTMM (¢) is positive (resp., negative), there is an r* > 0 such that
forallr € (0,7%), z =1 (resp., z = 0) is absorbing and globally accessible while z =0
(resp., z = 1) is fragile and not globally accessible.

With infinitesimal agents, an agent plays against the whole population [0, 1]. Her
flow payoff is thus 7 (z) rather than « (z). Accordingly, we must assume that 7 has
the properties of v on which we rely in the proof of Claim 8 (which is that -+ is
continuous on [0, 1] and satisfies SC1 on (0,1)):

Claim 9. Let 7 : [0,1] — R be continuous on [0,1] and satisfy SC1 on (0,1). In
the version of MM with infinitesimal agents, if felzow (€) dTMM (¢ 4s positive (resp.,
negative), then there is an r* > 0 such that for all v € (0,7*), z =1 (resp., z =0) is
absorbing and globally accessible while z =0 (resp., z = 1) is fragile and not globally

accessible.

6.4 The GG Theory

The GG theory is an extension of the global games model of Carlsson and van Damme

[10]. The payoff function 7 now depends not only on the other-agent participation
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rate ¢ but also on an agent’s private signal of an exogenous stochastic state, such that
(not) participating is strictly dominant for sufficiently high (low) signals. A contagion
argument then pins down the agents’ behavior at almost all signals.

Agents may be either infinitesimal or discrete. Following Morris and Shin [28,
Lemma 2.3, p. 70|, there is a random, unobserved state 6 that is uniformly distributed

on the whole real line.??:34

Each agent j sees a noisy signal z; = 6 4 o¢; of the state
0, where o > 0 is a scalar. The noise terms ¢, are independent of each other and
of # and have a continuous density f with full support on R and corresponding
distribution function F'. We assume moreover that f satisfies a monotone likelihood

ratio property:
MLRP For all sy > sz, and zg > z;, in R,

J(su—zm) f(sp—21) > f(suy—21) f(sL—zm).

An example is a normal distribution.
An agent’s utility depends directly on her signal and on the other-agent partici-
pation rate ¢: it can be written u (a, ¢, x) where z is her signal.® Suppose each agent

J' # j participates (resp., does not participate) if her signal z;; = 6 4+ o< exceeds (is

33Such an “improper prior” can be seen as the limit, e.g., of a normal distribution as the variance
grows without bound. An alternative that gives the same results is to assume a conventional prior
and focus on the limit as the signal noise vanishes.

34In section 9, we introduce a principal who designs a scheme to induce the agents to participate.
The principal knows the agents’ payoff function and thus can predict their response. We can obtain
this feature by assuming that a public signal 6 + o’¢ of the state is first observed, where ¢’ > 0 is
a scalar and ¢ is noise. The principal chooses her scheme, after which each agent j sees a private
signal z; = 6 + o¢; of the state. Taking the private signal error to zero (¢ — 0), one obtains a
unique prediction for the agents’ behavior. If we then take the public signal error to zero (¢’ — 0),
the principal can estimate the state with arbitrarily high precision; she can thus predict how the
agents will respond to any scheme.

35Frankel, Morris, and Pauzner [19, pp. 23 ff.] show that in the limit as the signal errors vanish,
this private-values case is equivalent to the common-values case in which utility is a function u (a, ¢, 0)
of the state 6 under strategic complementarities. While we expect that this equivalence holds also
under weak SC1, proving this complex result would be beyond the scope of this paper for two
reasons. First, the selection criterion implied by the GG theory is supported also by the MM theory
(section 6.3). Second, real-world payoffs are plausibly heterogeneous, which is better captured by
letting 7 depend directly on the signal x rather than the state 6.
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less than) some fixed threshold & € R U {+oo}. Given 6, the probability that agent

j' participates is then

Pr(9+asj/>k:|0):1—F(k_9) (14)
o

We now turn separately to the cases of discrete and infinitesimal agents. Let w (¢, x) =
u(l,¢,z) —u (0,4, z) denote the net payoff from participating when a proportion ¢ of
others do so and one’s signal is x.

1. Discrete agents. By (14), the probability (given #) that a proportion ¢ € X\ of
agent j’s opponents participate is b (6, 1-F (kT’e)) where

b(l,z)=b((n—1)0n—1,z) (15)

and b is the binomial coefficient (equation (12)). The density of the state 6 at
any realization 6, given the signal z; is - f <IJ790> Thus, agent j’s payoff from

participating when her realized signal is « (and all others play according to the

threshold k) is
)Zb(é 1-F (k 9)>7T(€,x)d0. (16)

> 1
2 (2, ) — / ! (
b=—00 7 Ler

2. Infinitesimal agents. Agent j’s payoff from participating when her signal real-

ization is x is

W?(x,k):/ejooéf(xge)w(1—F<kT_9),x)d@ (17)

as the other-agent participation rate ¢ equals the probability 1 — F (@) that

a given opponent participates by the law of large numbers.

Let 7% (x, k) denote m2° (x, k) in the infinitesimal case and 7" (z, k) in the discrete

case. We define:36

Definition 8. A threshold equilibrium consists of a threshold k* € R U {+oo} such
that 7% (x,k*) 2 0 for all z 2 k* in R.

36The interpretation of k* = +oco (resp., k* = —o0) is that the players never (always) participate,
regardless of their signals.
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That is, if an agent j believes that each opponent j' will (not) participate if her signal
xj exceeds (is less than) £*, then it is a best response for j (not) to participate if her
signal exceeds (is less than) k*.

Claim 10 gives sufficient conditions for the game to have a unique threshold equi-
librium, with a finite threshold k*.37 Condition Al states that 7 is bounded and
satisfies weak SC1; A2 and A3 are technical continuity and boundedness properties;
and A4 states that there are dominance regions: for a sufficiently high (low) signal,

(not) participating is strictly dominant.
Claim 10. Assume:

A1l. Single Crossing: for each x € R, 7 ({,z) satisfies weak SCI1 in £ € A and

upgen |7 (£,2)] s finite;
A2. Continuity: m (¢, ) is continuous in x € R uniformly in £ € A3

A3. State Monotonicity: 7 (¢, x) is increasing in x and, for each x € R, bounded in

¢ e A; and

A4. Dominance Regions: there are x < T both in R such that, for alll € A, 7 (¢, x) <
0<m (7).

Then the game has a unique threshold equilibrium, whose threshold k* is finite and
is the unique k € R that satisfies % (k,k) = 0. In this equilibrium, an agent with
signal © (does not) participate if felzow(f,x) dU'%% (¢) is positive (negative), where

IS¢ denotes T¢Y in the discrete case and T'SY in the infinitesimal case.

The proof of Theorem 10 follows the approach of Morris and Shin [28, pp. 109-110].

37By focusing on threshold equilibria, we enable applications that satisfy only weak SC1. GP
[21, pp. 1325-6] give some rationales for this restriction. Other global games papers that restrict
to threshold equilibria include Angeletos, Hellwig, and Pavan [1], Mathevet and Steiner [26], and
Morris and Shin [29].

38That is, for any € > 0 there is a 6 > 0 such that, for any ¢ € A and z,2’ € R satisfying
|z —2'| <6, |7 (b,x) —7 (£, 2")| <e.
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6.5 The KMR Theory

The KMR theory is a generalization of Kandori, Mailath, and Rob [23].3%:1° In each
period t = 0,1, ..., random groups of n > 2 boundedly rational agents are selected
from a large finite population of size N > n to play the participation game. By
Claim 6, an agent’s expected payoff from participating is thus v (z) where z € [0, 1]
is the population participation rate that she anticipates.*! The model we study is in

the following class.

Definition 9. (Ellison [14]; Young [36]) A Model of Evolution with Noise (MEN) is
a triple (Z, P, P (¢)) consisting of a state space Z (a finite set); a Markov transition
matrix P on Z that gives the transition probabilities in the absence of mutations; and
a family of perturbed Markov transition matrices P (¢) for each tremble probability
e € [0,2] such that (a) P () is ergodic?? for all € and (b) P (¢) is continuous in & with
P(0)=P.

In Kandori, Mailath, and Rob [23] without trembles, the agents in period ¢ play
a static best response to the prior period’s population participation rate z;_;. This is
a special case of the following general class of deterministic dynamics, which we use

instead.*?

Definition 10. (Kandori, Mailath, and Rob [23]) The deterministic dynamic P in
Def. 9 is Darwinian with respect to the relative payoff function v if the following

conditions hold.

39Kandori, Mailath, and Rob [23] study two-player, two-action games with strict strategic com-
plementarities. Kim [25] extends their result to n > 2 players under with strict strategic com-
plementarities. We weaken Kim’s payoff assumption to weak SC1 and consider a wider class of
dynamics.

40While Kandori, Mailath, and Rob [23] is often grouped with Young [36], the models are not
equivalent (Jacobsen, Jensen, and Sloth [22]).

4IMore precisely, it converges to v (z) as N goes to infinity.

42 A Markov chain is ergodic if every state is eventually reached from every other state with positive
probability.

43The concept is defined more precisely in Def. 19 in Frankel [17].
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1. If one action has a higher payoff under  given the current participation rate z,
the proportion playing that action rises in the next period (unless everyone is

already playing that action, in which case they keep doing so).

2. If the two actions give the same payoff under v given the current participation
rate z, then the proportion playing a given action either (i) stays the same in

the next period or (ii) has positive probabilities of rising and falling.

As in Kandori, Mailath, and Rob [23], we assume further that the perturbed ma-
trix P (g) is generated by independent random trembles: each agent plays according
to the deterministic dynamic with probability 1 — ¢ and randomizes 50-50 over the
two actions with probability . Let a MENT be a MEN with such trembles. For
any MENT (Z, P, P (¢)) and any € > 0, the perturbed model has a unique limiting
distribution uf over Z, which is invariant to initial conditions (Ellison [14, sec. 2.2,

p. 21]). We focus on the limit of this distribution as the trembles go to zero:

Definition 11. (Foster and Young [16]; Young [36]) The long-run stochastically stable

set is the set of states z for which p* (2) > 0 where p* = lim, o p°.

If 7 satisfies weak SC1 then, in any MENT with Darwinian dynamics, the agents’
participation decision is given by (7) for the fictional beliefs TEMR in the limit as the

population size N grows:*

Claim 11. Let w satisfy weak SC1 on \. For each aggregate population size N, let
(ZN, PN, PN (g)) be a MENT whose deterministic dynamic PN is Darwinian with
respect to the expected payoff function ~ defined in (11). Then for each n > 2, if
félzoﬁ(é) dUEME () s positive (resp., negative) then there is an N* < oo such that
for all N > N* (holding n fized), the only element of the long-run stochastically stable

set of (ZN, PN, PN (¢)) is z=1 (resp., 2 =0).

4“Kim [25, Prop. 2, p. 211] shows this result for the dynamics of Kandori, Mailath, and Rob
[23] when payoffs satisfy strict strategic complementarities. We generalize the result to Darwinian
dynamics under weak SC1. The proof shows that the size of an action’s basin of attraction is
determined by the sign of v at the midpoint z = 1/2 and then applies Ellison’s [14] radius-coradius
theorem.
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In the limit as n goes to infinity, the proportion of others who participate converges
in probability to the population participation rate z by the law of large numbers.

Thus: the KMR fictional beliefs converge to a point mass on one half:

0 i (<1/2

Claim 12. For all ¢ in [0,1], lim,, . TEME (¢) =
1 if 0>1/2.

6.6 The FY Theory

The FY theory is a generalization of the evolutionary model of Foster and Young
[16].% At each time t € R, random groups of n nonrational agents are selected from
a large population [0, ] for fixed v > 0 to play the participation game. Let L¢ denote
the measure of the set of agents in the population who are playing action a € {0,1}

at time ¢ (whence L 4+ L} equals v) and let 2z, = 0,1] denote the associated

Ll
et €|
participation rate. The growth rate of each group is assumed to equal its expected

utility in the participation game:

dL® = L% (2)dt and dL'= L'v, (z)dt (18)
where
n—1
Yo (2) = Efu(a,0)]2] = > b(i,n—1,2)u(a,l;) (19)
1=0

is an agent’s expected utility from playing action a € {0,1}. Solving (18) for dz, we
obtain the deterministic replicator dynamic: dz = z (1 — z) v (z) dt where 7 is defined

n (11).%6 To this, Brownian shocks are added:

dz =z (1—z)7v(z)dt + odw, (20)

4SFoster and Young [27] assume n = 2 agents and strict strategic complementarities. Kim [25,
Proposition 1] extends their result to n > 2 agents under strict strategic complementarities. We
weaken Kim’s payoff assumption to weak SC1 and also study infinitesimal players.

46To see this, let gb(LO,Ll) = L0+L1 whence dz = d¢ (L0 Ll) = ¢odL® + ¢1dL' where
the subscript a € {0,1} denotes the partial derlvatlve with respect to L. Thus, since ¢g =

1 0
(L0+L1)2 and ¢1 = ﬁﬂ)z, dz equals TLI)QdL1 mdL which can be rearranged to
z(1—2) (dLLll dLLO ) which equals z (1 — z) v (2) dt by (11), (18), and (19).
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where o > 0 is a constant, w is a Brownian motion, and z reflects instantaneously at
the boundaries of [0,1].47 In the long run as the shocks go to zero, the agents play

according to (7) with 7 = FY:

Claim 13. Assume 7 satisfies weak SC1 on A. Then for o > 0, equation (20)
has an ergodic distribution. In the long run, in the limit as o shrinks to zero, the
state z spends nearly all of its time in a small neighborhood of one (resp., zero) if

f;:O?T (0) dTEY (0) is positive (resp., negative).

Claim 13 solves the case of n discrete agents, in which each agent interacts with a
random set of n — 1 other agents. To model infinitesimal agents, we assume instead
that an agent interacts with the whole population: her flow payoff is 7 (z;) rather

than v (z;). Equation (20) is thus replaced with
dz=z2(1—-z)m(2)dz + odw. (21)
With this change, in the long run as the shocks go to zero, the agents play according

to (8) with 7 = FY:

Claim 14. Let 7 : [0,1] — R be Lipschitz-continuous on [0,1] and satisfy SC1 on
(0,1). Then for o > 0, equation (21) has an ergodic distribution. In the long run,
in the limit as o shrinks to zero, the state z spends nearly all of its time in a small

neighborhood of one (resp., zero) if fglzow (0) dTEY (0) is positive (resp., negative).

Moreover, as the number n of agents grows, the discrete fictional beliefs converge

to the infinitesimal ones:

Claim 15. For all £ € [0, 1], lim,, o, TEY () = TLY (¢).

4TFoster and Young [16] assume instead that z reflects at the boundary of [A,1 — A] for small
A > 0. Relying on a different mathematical result, we let z reflect at the boundaries of [0,1].
This does not affect the results: Kim’s [25] generalization to n > 2 agents, which also restricts to
[A,1 — A], finds the same selection criterion as our Claim 13.
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6.7 The FH Theory

The FH theory is a generalization of the evolutionary model of Fudenberg and Harris
[20].#* The model is that of FY with two changes. First, shocks are added not to
the participation rate z but rather to the measures L° and L' playing each action.
Second, there are also trembles: each agent playing action a € {0,1} exogenously
switches to the other action 1 — a according to an independent Poisson process with
arrival rate A\, > 0.* The measure L% of agents locked in to action a thus evolves

according to
dL* = L% [y, (2) dt + oqdws) + (Ao L'~ — A\, L%) dt (22)

where wy and w; are independent Brownian motions, v, is defined in (19), and o, > 0

o=\/ok+ 0} (23)

and let w denote the standard Brownian motion Zw; — Zwy.”® By (22) and Ito’s

is a constant. Define

1 .
Lemma, the state z = ﬁ changes according to’!

dz =« (2)dt + f(2) dw (25)

48Fudenberg and Harris [20] assume n = 2 agents. We generalize their result to n > 2 discrete
players under weak SC1 and also consider infinitesimal players. To our knowledge, the case of n > 2
players has not been solved.

49The trembles are needed because - unlike in FY - the shocks do not yield an ergodic distribution.
Intuitively, the shocks to L° and L' entail shocks to z that are of order z (1 — z), which vanishes
as z approaches zero or one. With shocks alone, the state would thus quickly converge to zero or
one and stay there. The role of the trembles is to keep the state z away from the endpoints, thus
enabling the continual fluctuations that are needed for an ergodic distribution.

50As wp and w; have continuous paths and independent increments, so does w. And since wq
and w; are independent Brownian motions, odw = o1dw; — ggdwy is normal with mean zero and
variance o2. Thus, w is a standard Brownian motion.

51To see this, define ¢ (LO, Ll) = ﬁlﬂ as in n. 46. By Ito’s Lemma in two dimensions (Dksendal
[30]), dz = ¢odL® + ¢rdL' + 3 [(dLO)2 doo + 2 (dL°) (dL*) o1 + (dL1)2 ¢11} where the subscript
a € {0,1} denotes a partial derivative with respect L®. In the present setting, (dL0)2 = (00L0)2 dt,

1 0

(alLl)2 _ (01L1)2dt, (dLO) (dLl) =0, ¢g = _(Lofiiu)‘“ o1 = (LOJLriLl)z, P00 = ﬁ, and
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with coefficients

a(z)= z(1-2)[y(2)+ (1 —2)02 —20?] + Ao (1 — 2) — \i2 (26)

and

B(z)=z(1-2)0. (27)

We assume that 02, 0%, A, and \; are all constant multiples of a common param-

eter, which we call o2 to save on notation:
o8 = 8007, 01 = 810°, \g = lpo?, and \; = [,0? (28)

where sg, s1,lp,l; € Ry, are fixed. We assume sq + s; = 1, so that 02 + 07 =
(so + s1) 02 equals o2 as required by (23).

We next show that in the long run as the shocks and trembles shrink, the agents
play a best response to the belief that either no others or all others will participate,
with equal probabilities. Let ) be the long-run distribution of the state: for any
y € 10,1], @ (y) = limy_, Pr(z; <y). For any y € (0,1), define the two quantities

= Q) 1-Q(1—y)
T 1-Q(y) Ql—y)

Intuitively, x§ (resp., x¥) gives the odds that the state lies in [0, y] (resp., in (1 — y, 1]).

and x¥ = (29)

In the following result, we let I* denote '™ when agents are discrete and 't when

they are infinitesimal. (The two distributions are identical by Claim 5.)

Claim 16. Assume either that (a) agents are discrete and w satisfies weak SC1 or
(b) agents are infinitesimal and 7 is Lipschitz-continuous on [0, 1] and satisfies SC1
on (0,1). Then for any y € (0,1), if f;zoﬂ (0) dTFH (0) = L7 (0) 4 37 (1) is negative

(resp., positive) then lim, o x4 = oo (resp., limy o} = 00).

P11 = —% and thus, using v (2) = 71 (2) — 70 (2),
dL'  dL° s
dz=2z(1-2) T T o +2(1—2)[(1=2)05 — 207] dt. (24)

We then use (22) to substitute for dLY and dL! in equation (24) to obtain (25). One can easily see
that (25) is equivalent to equation (8) in Fudenberg and Harris [20].
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